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Abstract
This study focuses on the prevalence of COVID-19 disease along with vaccination in the United
States. We have considered the daily total infected cases of COVID-19 with total vaccinated
cases as exogenous input and modeled them using light/heavy tailed auto-regressive with exoge-
nous input model based on the innovations that belong to the flexible class of the two-piece
scale mixtures of normal (TP–SMN) family. We have shown that the prediction of COVID-19
spread is affected by the rate of vaccine injection. In fact, the presence of exogenous input vari-
ables in time series models not only increases the accuracy of modeling, but also causes better
and closer approximations in some issues including predictions. An Expectation-Maximization
(EM) type algorithm has been considered for finding the maximum likelihood (ML) estimations
of the model parameters, and modeling as well as predicting the infected numbers of COVID-19
in the presence of the vaccinated cases in the US.

Keywords : Auto-Regressive with Exogenous Inputs; COVID-19; Coronavirus; COVID-19 Vac-
cine; Time Series; Two-Piece Scale Mixtures.

1. INTRODUCTION

The rapid spread of the infectious COVID-19
disease has affected the whole world. Mean-
while, preparing and confronting the prevalence of
COVID-19 diseases require careful plans and oper-
ations. Some mathematical modeling of the spread
of COVID-19 has been considered by several math-
ematics authors and some of the recent researches
are given as follows. The confirmed and recovered
cases along with the death rate of COVID-19 have
been modeled and forecast via using asymmetry
time series by Maleki et al.1,2 The cumulative con-
firmed, recovered and death cases of COVID-19
cases for the top 16 countries have been forecast
via using statistical machine learning models that
have been designed by ArunKumar et al.3 ArunKu-
mar et al.4 have used gated recurrent units and long
short-term memory cells and forecast the COVID-
19 using the deep layer recurrent neural networks.
Lau et al.5 examined Seasonal Autoregressive Inte-
grated Moving Average (SARIMA) model on infec-
tious diseases. Kalantari6 forecast the COVID-19
using optimal singular spectrum analysis. Al-qaness
et al.7 forecast the COVID-19 in Russia and Brazil
using efficient artificial intelligence forecasting mod-
els. Amruta et al.8 conducted a study on the SARS-
CoV-2 mediated neuroinflammation and the impact

of COVID-19 in neurological disorders. Luo et al.9

examined a novel based on Richard’s traditional
model and probed its application in COVID-19.
Interested readers can refer to some recent papers
published on the COVID-19.10–13

Time series are useful statistical models to fore-
cast and control the datasets which are gathered
by time. We can also use some flexible families
of distributions with light/heavy tails and symme-
try/asymmetry behaviors in the structure of the
time series models which can be more expedient for
datasets with outliers or/and skewed behavior.1,2,14

In this paper, we consider a wide class of distri-
butions on the structure of Auto-Regressive model
with exogenous input variables which is known
as two-piece scale mixtures of normal (TP–SMN)
family of distributions.1,2 The useful TP–SMN dis-
tributions have been used in several statistical mod-
els to show the flexibility and performance of the
family.15–18

Maleki et al.1 considered the robust and asym-
metry autoregressive models based on the TP–SMN
distributions to model the index of the COVID-19
spread and then, Maleki et al.2 extended this model
to the autoregressive moving average (ARMA)
model and improved the results with more accurate
predictions. Recently, by increasing the number of
vaccinations, the spread of COVID-19 indexes has
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been affected and decreased. So, it seems that the
effect of vaccinations must be considered in time
series modeling to have more accurate inferences
and predictions. Additionally, we have extended the
time series model in Maleki et al.1 and added the
exogenous input terms on the structure of their
robust and asymmetry autoregressive models to
consider the effect of vaccinations on the spread of
COVID-19 indexes.

This paper is organized as follows. Some required
aspects of the TP–SMN distributions are provided
in Sec. 2. The TP–SMN Auto-Regressive (AR)
model with time indexed covariate is given in Sec. 3.
In Sec. 4, the proposed model is fitted on the
infected numbers of COVID-19 in the US. along
with vaccinated numbers of COVID-19 covariate.
Finally, in Sec. 5, some conclusions of the work are
provided.

2. THE TP–SMN DISTRIBUTIONS

Herein, we briefly review the main features of the
TP–SMN distributions.

Let the random variable X have renown SMN
distributions and denoted by X ∼ SMN (μ, σ,ν).19

Then, X possesses the probability density function
(pdf) given by

fSMN(x |μ, σ,ν)

=
∫ ∞

0
φ(x |μ, u−1σ2)dH(u |ν), x ∈ R, (1)

in which φ(· |μ, σ2) is the density of N(μ, σ2)
distribution, H(· |ν) indicates the cumulative dis-
tribution function (cdf) related to the scale mix-
ing variable u for each TP–SMN member which is
indexed by the parameters ν.

The applicable TP–SMN family is defined via
the SMN family which involves asymmetric light-
tailed two-piece-normal (TP–N) and asymmetric
heavy−tailed two-piece−t (TP–T), two-piece-slash
(TP–SL) and two−piece-contaminated-normal
(TP–CN) distributions. In addition, it covers their

Table 1 Some Main TP–SMN Distributions.

Distributions fSMN(·), y ∈ R kr = E[U−r/2]

TP–N φ(y;μ, σ2) —

TP–T
Γ( ν+1

2 )

Γ( ν
2 )

√
πνσ

(1 + d
ν )−

ν+1
2 ; ν = ν ( ν

2 )r/2 Γ( ν−r
2 )

Γ( ν
2 )

, ν > r

TP–SL ν
R 1
0 uν−1φ(y;μ, u−1σ2)du; ν = ν 2ν

2ν−r , ν > r
2

TP–CN νφ(y;μ, τ−1σ2) + (1 − ν)φ(y;μ, σ2); ν = (ν, τ )� ν
τr/2 + 1 − ν

symmetrical forms of the maintained distributions.
A random variable Y distributed with the TP–SMN
distributions denoted by Y ∼ TP–SMN (μ, σ,ν, γ)
and with the pdf is given by

g(y |μ, σ, γ,ν)

=

{
2(1 − γ)fSMN(y |μ, σ(1 − γ),ν), y ≤ μ,

2γfSMN(y |μ, σγ,ν), y > μ,

(2)

where 0 < γ < 1 is the skewness parameter,
fSMN(· |μ, σ,ν) is the SMN pdf given in (1).

Mean and variance of Y ∼ TP−SMN (μ, σ,ν, γ)
are E(Y ) = μ− bσ(1− 2γ) and Var(Y ) = σ2[c2k2 −
b2c2

1], respectively, where b =
√

2/πk1, cr = γr+1 +
(−1)r(1 − γ)r+1 and kr are given in Table 1. It is
noteworthy that for γ = 0.5, the well-known SMN
family (which is symmetric) has been extracted
from the TP–SMN family.

A key feature of using the well-known algorithm
to estimate the statistical models using the TP–
SMN distributions is that we can utilize the TP–
SMN distributions in the form of mixture distribu-
tion with two components and distinct supports in
(3). So, let Y ∼ TP−SMN (μ, σ,ν, γ), then the pdf
given in (2) is represented as

g(y |μ, σ1, σ2,ν)

= 2πfSMN(y |μ, σ1,ν)I(−∞,μ](y)

+ 2(1 − π)fSMN(y |μ, σ2,ν)I(μ,+∞)(y), (3)

where π = σ1
σ1+σ2

σ1 = σ(1−γ) and σ2 = σγ, and the
parameters σ and γ (respectively scale and slant) in
(2) are meliorated as σ = σ1 +σ2 and γ = σ2/(σ1 +
σ2).

By employing the latent variables Zj ; j = 1, 2,
in terms of the mixture components (3), the pro-
posed TP-SMN variable Y can be represented in
the stochastic form{

Y |Z1 = 1 ∼ SMN(μ, σ1,ν)IT (yi),

Y |Z2 = 1 ∼ SMN(μ, σ2,ν)IT c(yi),
(4)
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where T = (−∞, μ) and SMN(·)IT (·) denotes
the SMN-distributions which are truncated on the
interval T , and the random vector Z = (Z1, Z2)�
with the probability mass function (pmf) given by

P (Z = z) = πz1(1 − π)z2 ; z1z2 = 0, 1, (5)

and is denoted by Z ∼ M(1, π, 1 − π). Note that
each component-label variable Zi, i = 1, 2 has also
a Bernoulli distribution and Z1 + Z2 = 1.

3. TP–SMN AUTO-REGRESSIVE
WITH EXOGENOUS INPUT
MODEL

The auto-regressive with exogenous input variable
model of order p for autoregressive and order m for
exogenous input terms based on the TP–SMN inno-
vations and indicated using TP–SMN–ARX(p,m)
model is considered and expressed by

Yt = μ +
p∑

j=1

αjYt−j

+
m∑

j=1

βjXt−j + εt, t = 0,±1,±2, . . . , (6)

where α = (α1, . . . , αp)� and β = (β1, . . . , βm)�
are, respectively, the Auto-Regressive and exoge-
nous input coefficients vectors, and {εt} is an i.i.d.
noises distributed sequence as

εt
iid∼ TP−SMN(0, σ,ν , γ), t = 0,±1,±2, . . . .

(7)

Considering the ARX model (6) with param-
eters Θ = (α,β, μ, σ1, σ2,ν)� to have a more
appropriate form, the model can be represented by
Yt = α�Y t−1 + β�Xt−1 + εt, for which Y t−1 =
(Yt−1, . . . , Yt−p)� and Xt−1 = (Xt−1, . . . ,Xt−m)�.
So, we consider the sample vector (Y �,X�)� =
(Y−p+1, . . . , Y0,X−m+1, . . . ,X0, Y1, . . . , Yn,X1, . . . ,
Xn)� with the non-stochastic parts Y−p+1, . . . , Y0

and X−m+1, . . . ,X0 of the sample, and the (condi-
tional) likelihood function related to the TP–SMN–
ARX(p,m) model is given by

l(Θ |Y, X)

=
n∑

t=1

log gYt |Y t−1 = yt−1,Xt−1 = xt−1

× (yt |α�yt−1 + β�xt−1 + μ, σ1, σ2,ν)
(8)

Because of complexities of the SMN-densities (1),
finding the ML estimates related to the TP–SMN–
ARX(p,m) model parameters via (8) is a difficult
process. But considering an appropriate hierarchial
representation of the TP–SMN distributions besides
the established ARX model, obtaining the ML esti-
mates of parameters can be derived by an EM–type
scheme as follows:

Because of complexities of the SMN-densities (1),
finding the ML estimates related to the TP–SMN–
ARX(p,m) model parameters via (8) is considered a
difficult process. However, considering an appropri-
ate hierarchical representation of the TP–SMN dis-
tributions along with the established ARX model,
obtaining the ML estimates of parameters can be
derived by an EM-type scheme as follows:

Consider the complete data D = (Y �,X�,
U�)� with observed part of the data (Y �,X�)�
and the missing (latent) part of the data U =
(U1, . . . , Un)� and Zt = (Zt1, Zt2)�; t = 1, 2, . . . , n.
Then, regarding the mixture representation (4), the
pmf in (5) and the well-known stochastic represen-
tation of SMN distributions in Andrews and Mal-
lows,19 the TP–SMN–ARX model using (6) can be
represented in a hierarchical manner

Yt |Y t−1 = yt−1, Xt−1 = xt−1, Ut = ut,

Zti = 1 ind.∼ N(α�yt−1 + β�xt−1 + μ, u−1
t σ2

i )

× ITt(yt)2−iIT c
t
(yt)i−1

Ut |Zti = 1 ind.∼ H(ut |ν),

Zt
iid.∼ M(1, π, 1 − π),

(9)

where i = 1, 2, Tt = (−∞,α�yt−1 + β�xt−1 + μ)
for t = 1, 2, . . . , n and N(·)IT (·) is the normal dis-
tribution truncated on the domain T .

A special EM-type algorithm, called Expect-
ation-Conditional Maximization Either (ECME)
algorithm, was generated by Liu and Rubin,20 and
the hierarchical form of the TP–SMN–ARX model
in (9) has been utilized to extract the ML estimates
of the parameters.

Regarding the hierarchical form (9), conclude
the conditional completed log–likelihood function
attributed to the TP–SMN–ARX(p,m) model given
by

l(Θ) = −n log(σ1 + σ2) − 1
2

n∑
t=1

2∑
i=1

Wti

2240148-4
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×
(

Yt − α�Y t−1 − β�Xt−1 − μ

σi

)2

+
n∑

t=1

2∑
i=1

Zti log h(Ut |ν),

where Θ = (α�,β�, μ, σ1, σ2,ν)� and Wti =
UtZti for t = 1, 2, . . . , n and i = 1, 2. Defining
the quantities ẑti = E[Zti | Θ̂,Y, X ] and ŵti =
E[UtZti | Θ̂,Y, X] and according to the proper-
ties of the conditional expectation, ŵti = κ̂tiẑti is
obtained, where ẑt1 = I(−∞,α̂�yt−1+β̂�xt−1+μ̂](yt)

for ẑt2 = 1 − ẑt1 and κ̂ti = E[Ut | Θ̂, yt, xt, Zti = 1]
for the TP-SMN-ARX members are considered by

• TP-N-ARX model: κ̂ti = 1,
• TP-T-ARX model: κ̂ti = ν̂+1

ν̂+dti
,

• TP–SL–ARX model: κ̂ti = 2ν̂+1
dti

P1(ν̂+3/2,dti/2)
P1(ν̂+1/2,dti/2) ,

• TP-CN-ARX model:
κ̂ti = τ̂2ν̂e−τ̂dti/2+(1−ν̂)e−dti/2

τ̂ ν̂e−τ̂dti/2+(1−ν̂)e−dti/2 ,

where dti = (yt−α̂�yt−1−β̂�xt−1−μ̂
σ̂i

)2 and Px(a, b)
denote the evaluated cdf of the Gamma (a, b) dis-
tribution at point x.

Determination of Q-function as of Q(Θ | Θ̂(k)
) =

Eθ[l(Θ) | Θ̂(k)
,Y, X ] is the E–Step of the ECME–

algorithm on the (k + 1)th algorithm’s iteration as

Q(Θ | Θ̂(k)
)

= −n log(σ1 + σ2) − 1
2

n∑
t=1

2∑
i=1

ŵ
(k)
ti

×
(

Yt − α�Y t−1 − β�X t−1 − μ

σi

)2

+
n∑

i=1

2∑
j=1

E[Zti log h(Ut |ν)|Θ̂(k)
,Y, X ],

where ŵ
(k)
ti = E[UtZti | Θ̂(k)

,Y, X] = κ̂
(k)
ti ẑ

(k)
ti and

hereafter consider ω̂
(k)
t =

∑2
i=1 ŵ

(k)
ti /σ

2(k)
i .

Conditional maximizations of the ECME-
algorithm on the (k +1)th algorithm’s iteration are
as follows:

CM-step of the algorithm for coefficients

α̂(k+1) =

(
n∑

t=1

ω̂
(k)
t Y t−1Y

�
t−1

)−1 n∑
t=1

ω̂
(k)
t

× (Yt − β̂
�(k)

X t−1 − μ̂(k))Y t−1,

β̂
(k+1)

=

(
n∑

t=1

ω̂
(k)
t Xt−1X

�
t−1

)−1 n∑
t=1

ω̂
(k)
t

× (Yt − α̂�(k+1)Y t−1 − μ̂(k))Xt−1.

CM-step of the algorithm for intercept (loca-
tion parameter):

μ̂(k+1)

∑n
t=1 ω̂

(k)
t (Yt − α̂�(k+1)

×Y t−1 − β̂
�(k+1)

Xt−1)∑n
t=1 ω̂

(k)
t

.

CM-step of the algorithm for scale parame-
ters:
Solving the stressed cubic equations σ3

i +pσi+q = 0,
concludes the update σ̂

(k+1)
i for i = 1, 2, where p =

− 1
n

∑n
t=1 ŵ

(k)
ti (Xt − α̂�(k+1)Y t−1 − β̂

�(k+1)
Xt−1 −

μ̂(k+1))2 for which q = pσ2I(i=1) + pσ1I(i=2). It is
noteworthy that p < 0 implies q < 0; therefore, the
proposed cubic equation possesses a positive unique
just root.

CML-step of the algorithm for scale mixing
parameters:

ν(k+1) = argmaxνl(α̂�(k+1), β̂
�(k+1)

, μ̂(k+1),

σ̂
(k+1)
1 , σ̂

(k+1)
2 ,ν |Y, X),

where the log-likelihood function l(· |Y, X) is in (8).
A sufficient convergence rule for the algorithm

iterates is satisfied when |l(Θ̂(k+1)|Y, X)/l(Θ̂
(k)|Y ,

X)−1| ≤ ε, for the known values of the tolerance ε.
In the present study, we employed ε = 10−2, while
choosing the tolerance values may vary in other sta-
tistical models.

4. APPLICATION

This section investigates the infected numbers of
COVID-19 from 19 January 2021 to 27 March 2021
related to the US (see Fig. 1) and vaccinated num-
bers of COVID–19 there and in the corresponding
time (see Fig. 2) and fit the TP–SMN–ARX to the
proposed datasets. The free source R software21 ver-
sion 4.0.5 with a core i7 760 processor 2.8 GHz is
used to implement the algorithms

After some suitable transformations given in
Brockwell and Davis,22 the stationary data which
are ready for modeling are obtained and plotted in
Fig. 3. Using some model selection criteria and con-
sidering the PACF (partial auto-correlation func-
tion) diagram shown in Fig. 4, it was concluded
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Fig. 1 Infected numbers of COVID-19 plot related to US since 19 January to 27 March 2021.

Fig. 2 Vaccinated numbers of COVID-19 plot related to the US since 19 January to 27 March in 2021.

that the best TP–T–ARX (5, 1) model was fitted
to the stationary series of the infected numbers of
COVID–19 in the form of

TP–SMN–ARX model:

Yt = −9139.5940 − 0.6390Yt−1 − 0.4393Yt−2

− 0.4123Yt−3 − 0.4340Yt−4 − 0.3338Yt−5

+ 0.0029Xt + εt,

where εt ∼ TP−T(0, σ = 23211.9000, γ = 0.5582,
ν = 3.0939).

Gaussian–ARX model:

Yt = −1995.2399 − 0.6627Yt−1 − 0.3799Yt−2

− 0.3730Yt−3 − 0.3878Yt−4 − 0.2617Yt−5

+ 0.0036Xt + εt,

where εt ∼ N(0, σ = 17888.5400).
According to log-likelihood and Akaike informa-

tion criterion (AIC) which are recorded in Table 2,
the TP–T–ARX model is more reasonable than
the ordinary Gaussian–ARX model. The auto-
correlation function (ACF) diagram of estimated

2240148-6
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Fig. 3 Differenced transformation of the infected numbers of COVID-19 plot.

Fig. 4 PACF of the differenced data (stationary).

Table 2 P-values of the Box–Pierce and Ljung–Box Tests on the Residuals
of the TP–SMN–ARX and Ordinary Gaussian–ARX Models.

Model TP–T–ARX Gaussian–ARX

Log-likelihood −664.5078 −729.1800
AIC 1350.0790 1474.3600

Test Box–Pierce Ljung–Box Box–Pierce Ljung–Box
P -values 0.9882 0.9625 0.9613 0.8821
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Fig. 5 Sample ACF diagram of the estimated innovations of the fitted model (Left) Histogram of the estimated innovations
of the fitted model via superimposed estimated TP-T density (Right).

innovations (residuals) is shown in Fig. 5 (left),
and also the histogram of estimated innovations for
which the estimated heavy-tailed TP–T density is
superimposed as given in Fig. 5 (right). Figure 5
shows the suitability of the proposed estimated
model to the stationary series of infected numbers
of COVID-19 related to the US.

To investigate the appropriateness and goodness-
of-fit tests for the proposed fitted TP–SMN–ARX
model, P -values of the Box–Pierce and Ljung–Box
tests on the estimated innovations are recorded in
Table 2. Note that the large P -values (near to one)
of the proposed tests on the estimated innovations
of TP–T–ARX model demonstrate the reasonabil-
ity of the proposed fitted TP–SMN–ARX model.
Also, comparing the corresponding P -values of the
proposed tests with the ordinary Gaussian–ARX

model, a better performance of the TP–SMN–ARX
model can be shown (see Table 2).

To show further reasonability of the fitted model,
we predicted the 10 data of the infected cases (15
March 2021 up to 24 March 2021), and then fitted
the TP–SMN–ARX models on them and forecast
these data. Table 3 contains the predictions with
and without covariate and 95% confidence intervals
for them. Also, Fig. 6 shows the predicted values
based on the modeling with and without covari-
ate which superimposed the diagram of the real
values of infected numbers of COVID-19 related
to US Percent Relative Prediction Error (PRPE)
of the predicted values via the model with covari-
ate is 0.0762%, while it is 0.1469% for the model
without covariate. So, the results and Fig. 6 show
the importance of the covariate (considering the

Table 3 Real Values of the Infected Numbers of COVID-19 Related to the US Since 15 March
2021 to 24 March 2021 With and Without Vaccinated Numbers Covariate and Predictions with
95% Confidence Interval.

COVID-19 in Date Real Prediction Prediction Lower Upper
the US Value Without Covariate with Covariate C.I. C.I.

Infected cases 2021-03-15 30181273 30154131 30175035 30148628 30214710
2021-03-16 30234911 30219435 30222759 30184850 30263368
2021-03-17 30298419 30256412 30285499 30248798 30324452
2021-03-18 30361971 30338946 30355790 30318956 30394125
2021-03-19 30487505 30415297 30414364 30341297 30492385
2021-03-20 30534590 30648341 30593349 30537136 30672910
2021-03-21 30581123 30541449 30596553 30547796 30659999
2021-03-22 30641164 30581496 30621390 30582911 30663694
2021-03-23 30708302 30672908 30686643 30649897 30727696
2021-03-24 30776056 30756192 30769650 30703639 30810684
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Fig. 6 The experimental values and predicted infected numbers of COVID-19 related to the US time series plots since 15
March 2021 up to 24 March 2021 with and without vaccinated numbers covariate.

vaccination) on the modeling and predictions of the
infected cases.

5. CONCLUSION

Coronavirus is a wide category that affects gas-
trointestinal, hepatic, neurological and respiratory
systems. Extended vaccination might reduce the
prevalence of COVID-19 diseases. In the present
methodology, considering a robust class of time
series models with covariate was intended to model
the infected numbers of COVID-19 in the US along
with the vaccinated COVID-19 cases as the covari-
ate. The performance of the proposed fitted model
shows that it would be better to consider the vac-
cinated numbers of COVID-19 as the covariate in
order to predict infected numbers of COVID-19. For
future works, the proposed model can be extended
to the mixture models to classify several regions and
also add some new effective covariates to improve
the model such as the mobility data.
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